RISM 3D (Following JCP 107, 6400)

Volodya Sergiievskyi
May 3, 2010

0.1 Molecular ensemble averages
Angle dependent pair distribution function is defined as:
e_BU(TvaN)

Ze drN 2 dwN 2 (1)

PP (r? w?) = N(N — 1)/

In the angular-dependent case, the normalization is given as:
/p(l)('r,w)d,rdw =N (2)

For the uniform case p(!) = C and

2

/Cdrdw:CVQ:N:C:p (3)

where Q = [ dw (as i understand 2 = 473)
The pair distribution function is connected to the molecule correlation function:

p(Q)(/,a??wQ) — <£)2g(r12,w1,w2) (4)

We introduce site correlation functions (see picturE):

0
gs(rg,w1) = N(N—l)p2/6(R1)5(R2+r023—r,3—R1)P(R1,Rz,rN_2,wN_Q)dengdwzdrN_deN_Q
(5)



The delta function yields Ry = 0 and kills integral over Rj:
aolrgr ) = /?2/ (R +1eyp = 15)N(N = 1)P(0, Rp, vV 2, 0N ") d Radwadr ™ —dw™ ™2 (6)
Becasue of homogenity:
/ P(0, Ry, r™ 2, 0" ") d Ry = / P(Ry, Ry, 7N 72, 0N ) dRy = V (7)

Thus We may add one more integral to the expression (6): we need only divide one more time
by V:

g3(rg,w1) = /5(R2 +7epp —13)N(N — 1)P(Ry, Ra, V72wV "2)d Ry d Rydwadr —? dw™ 2

02V
(8)
Using the definitions (1)(4) we have:
2
N(N — 1) /P(Rl, RQ, wN)d’l"N_deN_2 = %g(’l"lz, wi, L«Jg) (9)
Also, in our case R; = 0 and r12 = R2. The integration over R; gives the volume V We have
1
gp(rp,w1) = 9/5(R2 +7e8 — 18)9(R2, w1, w2)dRadws (10)

Let’s find the fourier transform of gg. To avoid thinking much, we do’nt calculate the pre-factor
of Fourier integral and call it Kpp

. 1 i
gg(k,wl) = QKFT//dT,Be krﬁé(Rz + Tczﬁ - ’I“/j)g(Rz,wl,LUz)ddeWQ (11)

The delta function kill the integral and gives rg = Ra + r¢,3:
1

gp(k,w1) = QKFT/eik(Rﬁrczﬁ)g(Rz,whwz)ddewz
1 . )
= Q/eZkrczﬁKpT/g(Rz,wl,wz)eZkdedewz (12)

Inner integral gives the Fourier transform of g:

1 ‘
gk, w1) = Q/emrczﬂ@(k,wl,wz)dwz (13)
The site total correlation function is defined as:

hg(rs,w1) = gs(rg,w1) — 1 (14)

Let’s look at the fourier transform of unity
1=Kpp / e*rdr = Kpr / etk tikress qp — ¢ikTeas | (15)
Lokking at the Fourier transforom of hg:

~ . 1 ) ' .
ho(k,w1) = ga(kywr) — 1= = /ezkrczﬁg(k7 w1, wa)dws — ekTean

Q

— gll/eik””@(k,wl,wz) —1)dws = é/eikrcz%(kawl’w2)dw2 (16)



0.2 c function

We assume, that

o(r,wi,wz) =Y _cglrp,w) (17)
B

Taking Fourier transform we have (remember from picturE: rg = 712 + 7¢,3)

ek, w1, wa) = KFTZ/e“"”cﬁ(rﬁ,wl) =
B

Kpr Z / eikrg—ikrczgcﬁ(r& wl) — Z / e—ik’l‘c2ﬁéﬁ(k’ wl) (18)
B B
The OZ equation in Fourier space:

Bk, wi, wa) = é(k, wy, wa) + é/ﬁ(k,wl,wg)é(k,wg,wz)dwg (19)

Putting here (18):

h(k,wy,ws) = Zﬁ:aﬁ(k,wl, Je tkTeas 4 % Zﬁ: / h(k, w1, ws)ég(k, wr, e~ Freas duws (20)

We multiply both parts by e**Teze and take 1ntegral J <> dwsy . In the left side the definition
(16) appear:

ha(k,wi) =Y 5ép(k,w1) - & fe—ikrcza+ikrczadw2+ (21)
5 Z fiL k,w1,ws)ig(k,wi)g fe_ik’"°25+ikrc2adw2dw3
We define )
wap(k,w1) = & / e meas T duoy (22)
And have:
ha(k,w1) =3 5¢(k, w1)was + § 35 [ bk, w1, ws)ép(k, w1)wasws (23)

We may put here recursively the definition of h from (20). We obtain chain
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We define the site-site direct correlation functions as:
1 .
Co (k) = 5 / e kTea ek, ws)dws (24)

(Just for note: e~ 7esv is Fourier transform of delta function)

Let we have K sites in the solvent molecule. We may put solute-solvent site correlation functions
ha, co into the vectors h, ¢ of size K x 1. We may put the site-site direct correlation functions and
intramolecular correlation functions w,g into the matrices C, W of size K x K.

The summations become the matrix multiplications, the chain is written as:

h:Wc—l—WpCc—i-szC%—&-‘--:W(pC+(pC)2+~->c (25)
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InW Y fatat

Using the formula for the sum of the geometric progression for the sum of matrices in brackets,
we write:

h=W(1—-pC) e (26)

This is 3D-RISM equation in Fourier space. If one wants very much, he may perform an Inverse

Fourier transform and obtain the set of 3D-RISM equations in real space (however i don’t know
what for...)

In the 3D RISM, only the solute molecule is treated on a molecular level. All solvent molecules
are the same as in usual RISM.



